
J Stat Phys (2007) 129: 509–516
DOI 10.1007/s10955-007-9400-3

Singular Limits of Spatially Inhomogeneous
Convection-reaction-diffusion Equations

Bendong Lou

Received: 5 November 2006 / Accepted: 9 August 2007 / Published online: 13 September 2007
© Springer Science+Business Media, LLC 2007

Abstract We study convection-reaction-diffusion equations which have spatially inhomo-
geneous steady states. When the coefficients of the reaction terms are much larger than the
diffusion coefficients, sharp interfaces appear between two stable inhomogeneous steady
states. By using the method of matched asymptotic expansions, we derive the equations of
the motion of such interfaces, which depend on the mean curvature of the interfaces and
depend on the inhomogeneous coefficients locally.

Keywords Convection-reaction-diffusion equations · Singular limits · Interface equations ·
Matched asymptotic expansions

1 Introduction

It is known that some classes of nonlinear diffusion equations give rise to sharp interfaces (or
internal layers) when the coefficients of the reaction terms are much larger than the diffusion
coefficients. And the motion of such interfaces is often driven by their mean curvatures.

To name only a few, Chen [3] gave a rigorous proof on the generation and propagation
of interfaces for

ut = �u + 1

ε2
f (u), x ∈ R

N, t > 0,

where ε > 0 is a small parameter and f (u) is a bistable nonlinear term. More precisely,
f has exactly three zeros: z1 < z2 < z3, f ′(z1) < 0, f ′(z2) > 0, f ′(z3) < 0 and

∫ z3
z1

f (s)ds

= 0. A typical example is f (u) = u − u3. Chen [3] showed that, in time scale t = O(1), the
motion of the interface (interface equation) is

V = −(N − 1)κ,
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where V is the normal velocity of the interface and κ is the mean curvature of it. In [1]
and [9], the authors studied the singular limit of a reaction diffusion equation with a spatially
inhomogeneous reaction term:

ut = �u + 1

ε2
h2(x)f (u), x ∈ R

N, t > 0, (1.1)

where h(x) > 0, f is bistable as above. They obtained the interface equation like the fol-
lowing (1.3). In [7], we considered a p-Laplacian reaction-diffusion equation:

1

εp−2
ut = div(ap(x)|∇u|p−2∇u) + 1

εp
hp(x)f (u), x ∈ R

N, t > 0, (1.2)

where p > 1 is a constant, h(x) > 0, a(x) > δ > 0 and f is bistable as above. We showed
that the interface equation is

V = −g

[

(N − 1)a2hp−2κ + a2hp−3 ∂h

∂n
+ (p − 1)ahp−2 ∂a

∂n

]

, (1.3)

where g is a constant depending on p and f , n is the unit normal vector to the interface
(outward, for closed interface). Both of the interface equations deriving from (1.1) and (1.2)
involve drift terms arising from h.

Note that all of the above listed reaction diffusion equations have three homogeneous
steady states zi (i = 1,2,3) (z1 and z3 are stable and z2 is unstable). In this paper, we con-
sider convection-reaction-diffusion equations with spatially inhomogeneous steady states.
First we consider

ut = a(x)�u + c(x)∇b(x) · ∇u + 1

ε2
R(x,u), x ∈ R

N, t > 0, (1.4)

where a, b and c are smooth functions, a(x) > δ > 0 and

R(x,u) = H(x)F (x,u) + εh(x)f (x,u),

where H , h, F , f are smooth functions, H is positive. F and f satisfy the following As-
sumption 1.1:

Assumption 1.1 There exist bounded, smooth functions z1(x), z2(x) and z3(x) with
inf[z2(x) − z1(x)] > 0, inf[z3(x) − z2(x)] > 0 such that

F(x, zi(x)) ≡ 0 (i = 1,2,3), F (x, y) �= 0 if y �= zi(x),

Fu(x, z1(x)) < 0, Fu(x, z2(x)) > 0, Fu(x, z3(x)) < 0,

∫ z3(x)

z1(x)

F (x, s)ds ≡ 0, and f (x, z1(x)) ≡ f (x, z3(x)) ≡ 0.

When F(x,u) = F(u), the above assumption means that F is a typical bistable non-
linearity with double-well potential of equal well-depth (cf. [1] and [9]). An example of
inhomogeneous R is

R(x,u) = −H(x)(u − z + ω)(u − z + εh̃(x))(u − z − ω),

where z = z(x) and ω = ω(x) are bounded functions and infω(x) > 0.
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The main difference between (1.4) and (1.1) (or (1.2)) is the following: (1.1) and (1.2) has
spatially homogeneous steady states zi (i = 1,2,3), but (1.4) does not have. In fact, a formal
approach in the next section shows that (1.4) has three steady states ūi (x) ≈ zi(x) (i = 1,
2, 3), ū1 and ū3 are stable, ū2 is unstable. When ε � 1, sharp interfaces appear between
ū1 and ū3 in time scale t = O(ε2), and the interfaces propagate in time scale t = O(1). By
using the matched asymptotic expansions, we will give the equation of the motion of such
an interface, which indicates that the motion of the interface depends on the mean curvature
and on the local information of the inhomogeneous coefficients (see (3.10) below).

We will also study a system of convection-reaction-diffusion equations
{

ut = a(x, v)�u + c(x, v)∇(b(x, v)) · ∇u + ε−2R(x,u, v),

vt = ε−1[α(x,u)�v + u − βv], (1.5)

for x ∈ R
N , t > 0, where a(x, v), b(x, v), c(x, v), α(x,u) are smooth functions with

a(x,u) > δ > 0 and α(x,u) > δ > 0. β is a constant and

R(x,u, v) = H(x, v)F (x,u) + εh(x, v)f (x,u),

where H , h are smooth functions and H is positive, F and f satisfy Assumption 1.1.
This equation is a spatially inhomogeneous version of FitzHugh-Nagumo equations (cf. [1]
and [9]). By using the matched asymptotic expansions, we also derive the interface equation
which depends on the mean curvature and on the spatially inhomogeneous coefficients (see
(4.8) below).

In Sect. 2, we discuss the spatially inhomogeneous steady states. In Sect. 3, we use
matched asymptotic expansions to derive the interface equation from (1.4). In Sect. 4, we
derive the interface equation from (1.5).

2 Inhomogeneous Steady States

One can easily see that zi(x) are not exactly steady states of (1.4). Substituting

ūi (x) = zi(x) + εūi1(x) + ε2ūi2(x) + ε3ūi3(x) + · · · (i = 1,2,3) (2.1)

into (1.4) and collecting the ε−2, ε−1, ε0, . . . terms we have

HF(x, zi(x)) = 0, (2.2)

HFu(x, zi(x))ūi1 + hf (x, zi(x)) = 0, (2.3)

a�zi + c∇b · ∇zi + HFu(x, zi)ūi2 + HFuu(x, zi)ū
2
i1/2 + hfu(x, zi)ūi1 = 0, (2.4)

. . . .

Then one can easily obtain ūij (i = 1,2,3, j = 1,2, . . .). Especially, ū11 = ū31 = 0. In such
a way, we formally obtain the steady states of (1.4), which are inhomogeneous functions
given by (2.1).

Since

Fu(x, z1(x)) < 0, Fu(x, z2(x)) > 0, Fu(x, z3(x)) < 0,

and since ūi(x) ≈ zi(x) (i = 1,2,3), we know that when ε is sufficiently small, ū1 and ū3

are stable steady states, and ū2 is unstable steady state.
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Substituting (2.1) and

v̄i (x) = v̄i0(x) + εv̄i1(x) + ε2v̄i2(x) + · · · (i = 1,2,3)

into (1.5) and collecting the ε−2, ε−1, ε0, . . . terms one can also obtain, formally, three steady
states (ūi , v̄i ) (i = 1,2,3) with ūi (x) ≈ zi(x) and v̄i (x) ≈ v̄i0(x). Here, v̄i0 (i = 1,2,3) are
given by

α(x, zi)�v̄i0 − βv̄i0 = −zi(x).

Hence these steady states are also inhomogeneous.

3 Interface Equation of (1.4)

In this section, we present a formal derivation of the equation of motion of interface for (1.4).
The technique is based on matched asymptotic expansions using the so-called signed dis-
tance function, which can be found in [5] and [9], etc.

3.1 Matched Asymptotic Expansions

Let uε be a solution of (1.4) and Γ ε be the interface

Γ ε =
⋃

t≥0

(Γ ε
t × {t}),

where Γ ε
t = {x ∈ R

N | uε(x, t) = ū2(x)}. Hereafter, we assume that the interface Γ ε is
smooth and that Γ ε

t is a smooth closed hypersurface in R
N without boundaries for each

t ≥ 0. We denote by �ε
t the bounded domain in R

N enclosed by Γ ε
t .

Let dε(x, t) be the signed distance function to Γ ε defined by

dε(x, t) =
{

dist(x,Γ ε
t ), x ∈ R

N\�ε
t ,

−dist(x,Γ ε
t ), x ∈ �ε

t .
(3.1)

We remark that dε = 0 on Γ ε and |∇dε| = 1. We assume that dε has the expansion

dε(x, t) = d0(x, t) + εd1(x, t) + ε2d2(x, t) + · · ·
and denote

Γt = {x ∈ R
N | d0(x, t) = 0}, �t = {x ∈ R

N | d0(x, t) < 0},
Γ =

⋃

t≥0

(Γt × {t}), Q0 =
⋃

t≥0

((RN\�t) × {t}), Q1 =
⋃

t≥0

(�t × {t}).

Roughly speaking, Γt represents the position of the interface at time t in the limit as ε → 0,
while �t represents the region inside Γt .

We also assume that the solution uε has the expansions

uε(x, t) = u0(x, t) + εu1(x, t) + ε2u2(x, t) + · · · (3.2)

away from the interface Γ ε (the outer expansion) and

uε(x, t) = U0(ξ, x, t) + εU1(ξ, x, t) + ε2U2(ξ, x, t) + · · · (3.3)
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near Γ ε (the inner expansion), where ξ = dε(x, t)/ε. The stretched space variable ξ

gives exactly the right spatial scaling to describe the sharp transition between the regions
{u ≈ ū1(x) ≈ z1(x)} and {u ≈ ū3(x) ≈ z3(x)}. Since uε = ū2(x) on Γ ε , we normalize Uk

in such a way that U0(0, x, t) = z2(x), Uk(0, x, t) = ū2k (k = 1,2, . . .) for all (x, t) near Γ ε

(normalization conditions). To make the inner and outer expansions consistent, we require
that

Uk(+∞, x, t) = u+
k (x, t) if x ∈ (RN\�t) ∪ Γt , (3.4)

Uk(−∞, x, t) = u−
k (x, t) if x ∈ �t ∪ Γt , (3.5)

for all (x, t) near Γ and all k ≥ 0 (matching conditions), where u+
k and u−

k respectively
denote the terms of outer expansion (3.2) in the region Q0 and the region Q1. In particular,
if x ∈ Γt , then one has to take into account both of the conditions (3.4) and (3.5).

3.2 Motion of Interface for (1.4)

Substituting the outer expansion (3.2) into (1.4) and collecting the ε−2 and ε−1 terms re-
spectively, we have

HF(x,u0) = 0, HFu(x,u0)u1 + hf (x,u0) = 0,

in Q0 ∪ Q1. Hence we have u0 = z1(x), or u0 = z2(x), or u0 = z3(x) in Q0 ∪ Q1. Since
we are studying interfaces between the region {u ≈ z1(x)} and {u ≈ z3(x)}, we have either
u0(x, t) = z1(x) in Q1 and u0(x) = z3(x) in Q0 or the other way around. As both cases are
treated similarly, we will assume the former throughout this section. Therefore f (x,u0) ≡ 0
and from the second equation we get u1(x, t) = 0 in Q0 ∪ Q1.

Now, using (3.3) we have

uε
t = 1

ε
U0ξ · d0t + (U0ξ · d1t + U0t + U1ξ · d0t ) + · · · ,

∇uε = 1

ε
U0ξ · ∇dε + ∇U0 + U1ξ · ∇dε + ε∇U1 + εU2ξ · ∇dε + · · · ,

�uε = 1

ε2
U0ξξ + 1

ε
(2∇U0ξ · ∇dε + U0ξ�dε + U1ξξ ) + · · · ,

where ∇ and � denote the derivatives with respect to x (regarding ξ, t as parameters).
Substituting them into (1.4) and collecting the ε−2 and ε−1 terms we have

a(x)U0ξξ + H(x)F (x,U0) = 0, (3.6)

and

a(x)U1ξξ + HFu(x,U0)U1 = A(ξ, x, t), (3.7)

where

A(ξ, x, t) = U0ξ d0t − 2a∇U0ξ · ∇d0 − aU0ξ�d0 − cU0ξ∇b · ∇d0 − hf (x,U0).

For any given (x, t), combining with the matching conditions and normalization condi-
tion, we consider

{
a(x)U0ξξ + H(x)F (x,U0) = 0,

U0(−∞, x, t) = z1(x), U0(0, x, t) = z2(x), U0(+∞, x, t) = z3(x).
(3.8)
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Since (x, t) is fixed, it is known that (3.8) has a unique solution U0(ξ, x, t) = U0(ξ, x)

(cf. [1] and [6]). Moreover,

(P1) |U0(ξ, x) − z1(x)| = O(e−δ|ξ |) as ξ → −∞, |U0(ξ, x) − z3(x)| = O(e−δ|ξ |) as
ξ → +∞ for some δ > 0.

(P2) U0(ξ, x) depends on x smoothly.
(P3) U0ξ (ξ, x) = √

2[W(x,U0) − W(x, z1(x))] > 0 for any U0(ξ, x) ∈ R\{z1(x), z3(x)},
where W(x,U) = −H(x)

a(x)

∫ U

0 F(x, s)ds.

To solve (3.7), we use a Fredholm type lemma (see for example, Lemma 1.2.2 in [1], or
Lemma 4.1 in [2], or Lemma 2.1 in [9]), which says that (3.7) with normalization condition
U1(0, x, t) = ū21(x) has a solution in L∞(R) if and only if

∫

R

A(ξ, x, t)U0ξ (ξ, x)dξ = 0,

that is,

(d0t − a�d0 − c∇b · ∇d0)p(x) − a∇d0 · ∇p(x) − hq(x) = 0,

where

p(x) =
∫

R

U 2
0ξ dξ, q(x) =

∫

R

f (x,U0)U0ξ dξ =
∫ z3(x)

z1(x)

f (x, s)ds. (3.9)

It is easily seen that ∇d0 coincides with the outward normal unit vector n to the hy-
persurface Γt and −d0t (x, t) = V , where V is the normal velocity of the interface Γt . It is
also known that the mean curvature κ of the interface is �d0

N−1 . Thus we obtain the following
interface equation

V = −(N − 1)a(x)κ − c(x)
∂b(x)

∂n
− a(x)

∂(logp(x))

∂n
− h(x)

q(x)

p(x)
. (3.10)

4 Interface Equation of (1.5)

Substituting (3.2) and

vε(x, t) = v0(x, t) + εv1(x, t) + ε2v2(x, t) + · · · (4.1)

into (1.5) and collecting the ε−2 and ε−1 terms, we have

H(x, v0)F (x,u0) = 0, (4.2)

H(x, v0)Fu(x,u0)u1 + h(x, v0)f (x,u0) + Hv(x, v0)F (x,u0)v1 = 0, (4.3)

α(x,u0)�v0 + u0 − βv0 = 0, (4.4)

in Q0 ∪ Q1. By (4.2) we have u0(x, t) = z1(x) in Q1 and u0(x) = z3(x) in Q0 (or the other
way around). Hence in (4.3), f (x,u0) ≡ F(x,u0) ≡ 0, and so u1(x, t) = 0 in Q0 ∪ Q1

independently of v0. Moreover, by (4.4) we have

{
α(x, z1(x))�v0 − βv0 = −z1(x), x ∈ �t ,

α(x, z3(x))�v0 − βv0 = −z3(x), x ∈ R
N\�t .

(4.5)
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Substituting (3.3) and (4.1) into the first equation of (1.5) and collecting the ε−2 and ε−1

terms, we get

a(x, v0)U0ξξ + H(x, v0)F (x,U0) = 0, (4.6)

a(x, v0)U1ξξ + H(x, v0)Fu(x,U0)U1 = B(ξ, x, t), (4.7)

where

B(ξ, x, t) = U0ξ d0t − 2a(x, v0)∇U0ξ · ∇d0 − a(x, v0)U0ξ�d0

− U0ξ c(x, v0)∇(b(x, v0)) · ∇d0 − Hv(x, v0)F (x,U0)v1 − h(x, v0)f (x,U0).

For any fixed (x, t), solving (4.6) with the matching conditions and the normalization
condition:

U0(−∞, x, t) = z1(x), U0(0, x, t) = z2(x), U0(∞, x, t) = z3(x),

we have a unique solution U0(ξ, x, t) = U0(ξ, x) which satisfies the properties (P1)–(P3) in
the previous section.

Using Fredholm type lemma to consider the solvability for (4.7), we find that (4.7) is
solvable in L∞(R) if and only if

∫

R

B(ξ, x, t)U0ξ dξ = 0.

Noting
∫ z3(x)

z1(x)
F (x, s)ds ≡ 0 we have

d0t − a(x, v0)�d0 − c(x, v0)∇(b(x, v0)) · ∇d0 − a(x, v0)∇d0 · ∇p(x)

p(x)
− h(x, v0)

q(x)

p(x)
= 0,

where p and q are defined by (3.9) with new U0 we obtained in this section. Therefore, we
obtain the interface equation

V = −(N −1)a(x, v0)κ −c(x, v0)
∂b(x, v0)

∂n
−a(x, v0)

∂(logp(x))

∂n
−h(x, v0)

q(x)

p(x)
, (4.8)

where v0 is given by (4.5).

5 Some Remarks

Remark 5.1 In (3.10), the equation contains spatially inhomogeneous coefficients a, b, c, h,
p and q , where p and q are defined by U0 and f . From the definition of U0 we find that U0 in
fact depends only on a, H , F , z1, z2, z3 locally. Hence we can say that the interface equation
(mean curvature flow equation) depends on local information of spatially inhomogeneous
steady states. Similar discussion is true for (4.8).

Remark 5.2 Since p depends only on a,H,F, z1, z2 and z3, in (3.10) and in (4.8) when we
choose b and c such that c∇b + a∇(logp) = 0, then we obtain an interface equation with
the form

V = −(N − 1)ϕ(x)κ + ψ(x).
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In case N = 2 it has been studied systematically in [4]. Travelling wave solutions of a special
case: V = −κ + C (where C is a constant) has also been studied recently by some authors
(see for example [8]).

Remark 5.3 Our approach in this paper is also valid for discussing the singular limit of gas
discharge equations [10] (system of three-component reaction diffusion equations):

⎧
⎨

⎩

ut = a(x, v,w)�u + c(x, v,w)∇(b(x, v,w)) · ∇u + ε−2R(x,u, v,w),

vt = ε−1[α(x,u)�v + u − βv], x ∈ R
N, t > 0,

wt = ε−1[λ(x,u)�w + u − μw],
where R(x,u, v,w) = H(x, v,w)F (x,u) + εh(x, v,w)f (x,u), and F and f satisfy As-
sumption 1.1. Similar results as for (1.5) can be obtained.

Remark 5.4 Using the matched asymptotic expansions, one can even consider the interface
equation for convection-reaction-diffusion equations with time-dependent coefficients

ut = a(x, t)�u + c(x, t)∇b(x, t) · ∇u + ε−2R(x, t, u).

In some cases, though the equation has no steady states, sharp interfaces still generate and
propagate according to the mean curvature.

Acknowledgements The author would like to thank the referee for useful comments on using Fredholm
type lemma.
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